ON HODGE SPECTRUM AND MULTIPLIER IDEALS 



NERO BUDUR 

Abstract. We describe a relation between two invariants that 
measure the complexity of a hypersurface singularity. One is the 
Hodge spectrum which is related to the monodromy and the Hodge 
filtration on the cohomology of the Milnor fiber. The other is the 
multiplier ideal, having to do with log resolutions. 



1. Introduction 

Let D be an effective divisor on a nonsingular complex variety X. 
The multiplier ideal J(D) is a subsheaf of ideals of Ox- It is related 
to the birational geometry of the pair (X, D) and measures in a subtle 
way the singularities of D. The singularities of D get "worse" if J(D) 
is smaller (see [LaOlJ). 

On the other hand, given a point x G X and a germ / of a hyper- 
surface at x, singularity theory brings into focus standard topological 
invariants as the Milnor fiber and the monodromy. An important ana- 
lytic invariant is the canonical mixed Hodge structure on the cohomol- 
ogy of the Milnor fiber (see [Ku98j). 



The natural question to ask is: How does the multiplier ideal J{D) 
reflect the standard constructions of singularity theory of a germ of D 
at a point xl 

We will consider numerical invariants. The multiplier ideal J(D) 
comes with a finite increasing sequence of multiplier ideals 

J(D) = J(a D) C J{a x D) C . . . C J(a n D) = O x , 

with 1 = a > «i > . . . > a n > and a« G Q. The aij are called 
the jumping numbers of (X, D) and provide some measure of the com- 
plexity of the scheme defined by J{D). The jumping numbers seem 
to have appeared first in this form in |LV90j . They are also related 
with the constants of quasi-adj unction of [Li83j. The smallest jumping 
number is the same as the log canonical threshold of (X,D). Let x 
be a point in X. Some jumping numbers «j reflect closer than others 
the difference at x between J(otiD) and J(ai + \D). We will call these 
inner jumping numbers ()2.4|) . To each a G Q>o we assign an inner 
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jump multiplicity, 

n a , x (D) > 0, 

with strict inequality iff a is an inner jumping number (|2.4|) . If D has 
only an isolated singularity at x, all non-integral jumping numbers are 
inner jumping numbers. 

The Hodge spectrum of a local equation / of D at x is a fractional 
Laurent polynomial 

s P (/) = 5> a (/K*, 

with n a (f) G Z, and can be defined using the Hodge filtration and 
the monodromy on the cohomology of the Milnor fiber of / ()3.2j) . We 
call n a (f) the multiplicity of a in the Hodge spectrum. There are 
various ways to encode the multiplicities n a (f) into a fractional Laurent 
polynomial. Our definition of the spectrum coincides with that of M. 
Saito |Sa91j . 

The main result of this article is the following. 

Theorem. Let X be a nonsingular quasi-projective variety of dimen- 
sion m. Let D be an effective integral divisor on X and x G D be a 
point. Let f be any local equation of D at x. Then for any a G (0, 1], 
n a (f) = n a , x (D). 

Corollary. For all a G (0, 1], 

(1) a appears in the Hodge spectrum of f if and only if a is an 
inner jumping number of (X, D) at x; 

(2) (M. Saito [Sa9"3]-fl .7j the mult iplicity n a (f) is > 0; 

(3) (Varchenko [Va81-§^; see also [Ko97j-§5) if x is an isolated sin- 
gularity of D and a / 1, then, replacing X by an open neigh- 
borhood of x if necessary, a appears in the Hodge spectrum if 
and only if a is a jumping number. 

The method of proof of the main result is an application of the theory 
of jet schemes and motivic integration. More specifically, we make use 
of a deep theorem of J. Denef and F. Loeser [DL98j that shows how to 
compute the Hodge spectrum from a log resolution of the pair (X, D). 
In the first section, we introduce the multiplier ideals and the inner 
jump multiplicities. In the second section, we introduce the Hodge 
spectrum. In the third section we review the result of |DL98j . In the 
fourth section, we prove the main theorem, up to a few lemmas about 
quotient singularities which make the subject of the last section. 

All varieties will be assumed to be defined over C. 
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2. The Multiplier Ideals 

We review the definition of multiplier ideals, jumping numbers and 
we introduce the inner jump multiplicities at a point. 

For a nonsingular variety X, let u>x denote the canonical sheaf. Let 
K x be the canonical divisor class, that is u>x = Ox(K x )- Let ji : 

Y — > X be a proper birational morphism. The exceptional set of \i is 
denoted by Ex{p). This is the set of points {y G Y} where \i is not 
biregular. We say that \i is a resolution if Y is smooth. We say that 
a resolution \i is a log resolution of a finite collection of ideal sheaves 
tti, . . . , a s C Ox if we can write /i™ 1 ^ ■ Oy = Oy(— Hi) where Hi is 
an effective divisor on Y (1 < i < s) such that Uji/j U Ex(fi) is a 
divisor with simple normal crossings. Such a resolution always exists, 
by Hironaka. Let K Y / X = Ky — fi*(Kx)- If D = diDi is an effective 
Q-divisor on X, where Di are the irreducible components of D and 
di G Q, the round down of D is the integral divisor \_D_i = ^LC?ijDj. 
Here, i_gL is the biggest integer < d. 

The following is well-known and follows from the Kawamata-Viehweg 
vanishing theorem (see |La01j . 9.2.18 and 9.4.1): 

Theorem 2.1. LetX be a nonsingular quasi-projective variety, Oj, . . . , a, 
C Ox a finite collection of ideal sheaves, and d±, . . . , d s G Q>o . Let \x : 

Y — > X be a log resolution of (ai, . . . , a s ) and /i -1 ^ • Oy = Oy(-Hi). 
Then n^Oy^Ky/x — \-d\H\ + . . . + d s H s _i) is independent of the choice 
of fi and R-^Oy^y/x — \-dxH\ + . . . + d s H s j) = for i > 0. 

Definition 2.2. The multiplier ideal of Oi, . . . , a s C Ox and d\, . . . , d s G 
Q>o is 

J(af • . . . ■ a*) = ^Oy{K Y/x - ^H, + ... + d s H s j) 
for any log resolution \i of (oi, . . . , a s ). 

By Theorem 12.11 the definition of J{p^x • . . . ■ af s ) is independent 
of the choice of the log resolution. The multiplier ideals are indeed 
sheaves of ideals because fi*u>y = ojx- An important particular case 
is when each di = Ox{—Di) with Di irreducible divisors on X. The 
corresponding multiplier ideal will be denoted by J[D\ where D = 
Y^i=i diDi. A log resolution of (oi, . . . , o s ) will be called a log resolution 
of (X,D). For a G Q >0 define K a {D) = J{{1 - e)a ■ D)/J(a ■ D), 
where < e << 1. 
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Definition 2.3. We say that a G Q>o is a jumping number of (X, D) 
if K a (D) ± 0. 

Let x G D be a point. Next, we will see how some jumping numbers 
a reflect closer the difference at x between the multiplier ideals J(ctD) 
and J((l - e)aD) (0 < e < 1). Denote by a the ideal sheaf O x (-D) 
and by m x the ideal sheaf of the point x in X. For a G Q>o, define 
= J(a {1 - e)a )/J(a {1 - e)a -mi), where < e < S < 1. That 
this definition is independent of choice of e and 5 will be clear from 
Proposition 12.71 We will also see that fC a ^ x (D) has support at most 
{x}. Thus, we can make the following definition. 

Definition 2.4. We say that a G Q>o is an inner jumping number of 
(X,D) at x if JC a ^ x (D) ^ 0. Let the inner jump multiplicity of (X, D) 
at x be n a x (D) = dim c IC ajX (D). 

We fix the following notation for the rest of the section. Let /i : Y — > 
X be a log resolution of (a, m x ). Let fi*(D) = 'Yl li m i Ei 1 where Ei are 
the irreducible components. Let J = {i | m, / 0}. For any subset 
I C J, let £ 7 = Uie/^i- Let E% = For a positive integer d, let 

= {i G J | d\rrii}. Let = G | yu(-Ej) = {x} }. Fix from now 
a ^ Q>o- Write a = r/d with r and d nonnegative integers such that 
gcd(r, d) = 1. Having fixed a, define three effective reduced divisors 
on Y, 

E = E Jd ,F = E Jd '*,G = E Jd \ Jd >*, 
such that E = F + G. 

Lemma 2.5. Let H be an effective divisor on Y such that n^vcix-Oy = 
O y {-H). Then 

Y (K Y /x - L«/i*Dj + G) = O y (K y /x - l(1 - e)afi*Dj - F) 

= O y {K y/x - l(1 - e)afi*D + 6HJ), 

where < e <C 5 <C 1 . 

Proof. The first equality is clear by the definition of E = F + G. 
Let ki and faj be the coefficients of Ei in K Y /x and, respectively, 
iJ. Then the coefficient of Ei in K Y /x — l(1 — e)afi*D + <5f/j is fcj — 
l(1 — e)amj + The coefficient of Ei in K Y /x — l(1 — e)afi*D_i is 
fcj — l(1 — e)awiij. If .Ej is not a component of E, that is if arrii G" Z, 
then for small enough e and S the two coefficients are the same. If 
n(Ei) ^ x then hi = and the two coefficients are again the same. 
Suppose now that ami G Z and /i(-E'i) = x, that is 2^ is a com- 
ponent of .F. For small 5 and e <C i5, for example e < Shi/ (ami), 
we have — e)arrii + <5/ijj = arrii = i_(l — e)am ; j + 1. Therefore 
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ki — l(1 — e)ami + Shi j = ki — i_(l — e)amjj — 1, so the two coefficients 
from above differ by 1, as claimed. □ □ 

Lemma 2.6. (1) /j*Oy(Ky/x — ^ctfi*Dj + G) is independent of the 
log resolution and R 1 li*Oy(Ky/x ~ \-(x/i*Dj + G) = fori > 0. 

(2) For < e Cl, h*{Of(K y /x — l(1 — e)a/i*D_i)) is independent 
of the log resolution and R l Li*(Op(KY/x — l(1 — e)a/i*Dj)) = 
for i > . 

(3) /j,*(Og(Ky/x— \-Oijj* D j+G)) is independent of the log resolution 
and R 1 ^(O g (K y /x - lq/i*Dj + G)) = /or i > 0. 

Proof. By Theorem 12. II and Lemma f2. 51 

H*Oy{K y/x - + G) = J(a (1 - e)a ■ m s x ), 

where a = Ox{—D) and < e <C 5 <C 1. This shows (1). For all small 
e > 0, consider the exact sequence 

— ► O y {A -F) — ► O y (A) — > O f {A) — ► 0, 

where A = Ky/x — l(1 — e)afi*D_i. By (1) and Lemma l2.5[ the first 
sheaf pushes forward to a multiplier ideal on X and has no higher 
direct images. The second sheaf pushes forward to J7"((l — e)aD) and 
has no higher direct images by Theorem 12.11 This shows (2). (3) is 
similar. □ □ 

Remark that JC a (D) = H*(Oe(Ky/x — l(1 — e)a/j l *D_i)). Similarly, 
the proof of Lemma l2.6l -(2) shows that we obtain the following inter- 
pretation of inner jumping numbers in terms of log resolutions. 

Proposition 2.7. With the above notation, we have: 

(1) £ QiX (D) = ll*(O f (K y /x ~ l(1 - e)afi*Dj)), where < e < 1. 

(2) n a>x {D) = x(Y,Of(Ky/x ~ l(1 - e)afi*D_i), where x is the 
sheaf Euler characteristic. 

Proposition 2.8. Let a G Q>o- If ct is an inner jumping number of 
(X, D) at x then a is a jumping number of (X, D). 

Proof. Consider the exact sequence 

— ► O g (K y/ x ~ lo;//*Dj + G) — ► E (K Y/X - l(1 - e)a/i*Dj) 

— > O f (K y/ x - l(1 - e)a/i*Dj) — > 0. 

None of the three sheaves has higher direct images for fx and the last 
two sheaves push-forward to JC a (D) and, respectively, fC ajX (D). If 
K, a>x {D) ^ then JC a {D) ^ 0. □ □ 
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Proposition 2.9. Let X and D be as above. If x is an isolated sin- 
gularity of D, and if X is replaced by a small open neighborhood of x 
if necessary, then all non-integral jumping numbers are inner jumping 
numbers. 

Proof. Let a G Q>o but ^ Z. We can assume that F = E. Then 
fc a ,x(D) and K a (D) are the direct image under \i of the same sheaf. 

□ □ 

3. The Hodge Spectrum 

We recall the definition of the Hodge spectrum of a hypersurface 
singularity. The Hodge spectrum was first defined in [St TT] for an 
isolated singularity, and then in [St89j for the general case. 

Let MHSc denote the abelian category of complex mixed Hodge 
structures. For n G Z, let C(n) denote the 1-dimensional complex 
mixed Hodge structure such that Gr^ = for all i ^ —2n and Gr p F = 
for all p —n. Here W. is the weight filtration and F' is the Hodge 
filtration. 

Definition 3.1. Let H G MHSc and let T be an automorphism of H 
of finite order. The Hodge spectrum of (H, T) is the fractional Laurent 
polynomial 

HSp(#,T) = ^n a -t Q , 

with n a = dimGr^if A , where p = H\ is the eigenspace of T for 
the eigenvalue A = exp(27ua:), and F' is the Hodge filtration. 

This definition extends to the Grothendieck group of the abelian 
category of complex mixed Hodge structures with an automorphism T 
of finite order. 

Let / : (C m , 0) — > (C, 0) be the germ of a non-zero holomorphic 
function. Let M t be the Milnor fiber of / defined as 

M t = {z G C m | \z\ < e and f(z) = t} 

for < \t\ <C e <C 1. The cohomology groups H*(M t ,C) carry a 
canonical mixed Hodge structure such that the semisimple part T s of 
the monodromy acts as an automorphism of finite order of these mixed 
Hodge structures (see [St TT] for / with an isolated singularity only, 
|Na87j and |Sa91j for the general case). We will not need the actual 



construction of the mixed Hodge structure on H*(M t , C). 
Let 

HSp'(/) = ^(-iy'HSp(iJ m - 1+J (M t ,C),T s 
jez 
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where H stands for reduced cohomology. 

Definition 3.2. We call the Hodge spectrum of the germ / the frac- 
tional Laurent polynomial Sp(/) obtained by replacing in HSp'(J) the 
powers t a with t m ~ a , for all a G Q. Denote by n a (f) the coefficient of 
t a in Sp(/). 

4. The Hodge Spectrum after Denef and Loeser 

In |DL98j . Denef and Loeser used the theory of motivic integration 
to give an interpretation of the Hodge spectrum of a germ of a hyper- 
surface in terms of log resolutions. The purpose of this section is to 
review their result. 

Let Ai denote the pseudo-abelian category of Chow motives over C 
with complex coefficients (see |Sc94j ) . Let K (A4) be the Grothendieck 
group of M.. On K (A4) and ifo(MHSc), the tensor products in- 
duce ring structures such that the Hodge realization H : K (A4) — ► 
-Ko(MHSc) becomes a ring homomorphism. For n an integer, H(L n ) = 
C(— n), where L is the Lefschetz motive. Let G be a finite abelian group 
and G its complex character group. Define Sch G to be the category of 
varieties on which G acts by automorphisms and such that the G-orbit 
of any closed point is contained in an open affine subvariety. 

Theorem 4.1. ( \DL98\ -1.3) There exists a map 

Xc : Sch G x G — > K (M) 

with the following properties: 

(1) H o Xc (X,a) = J2i(- 1 ) i [ H i( x )o], where H*(X) a denotes sub- 
space of the cohomology with compact supports ( with the Deligne- 
Hodge structure) on which G acts by multiplication with a. 

(2) If Y is a closed G-stable subvariety in X e Schc, for all a G G, 
Xc (X\Y, a ) = Xc(X, a )-Xc(Y,a). 

(3) If X G SchG, and U and V are G-invariant open subvarieties 
ofX, for all aeG, X c(U U V, at) = X c(U, a)+ Xc (V, a) - Xc {U n 
V,a). 

(4) Suppose X G Schc and the G-action factors through a quotient 
G — > H. If a is not in the image of H — > G, then Xc{X, a) = 0. 

Let X be a nonsingular and connected variety and let / : X — > A 1 be 
a regular function on X. Let D be the effective integral divisor div(/). 
Let n : Y — >• X be a log resolution of (X, D). Let fi*D = J2i m iEi, 
where E{ are the irreducible components. Fix a G [0, 1) a rational 
number, and write a = r/d where r and d are nonnegative integers 
with gcd(r, d) = 1. If a = 0, let d = 1. Let J = {i \ rrii ^ 0} and 
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Jd = {i G J I d|mi}. For J C J, let Ej = n ieI Ei and £ 7 = U ieI Ei. Let 
£ = Y and £ = 0. For JcJ, let E° — Ej — E J \* . 

Let p : y — > K be the degree-o? cyclic cover obtained by taking the 
d-th root of the local equations of the divisor R = X^eJ\J d m «-^« ( see 
[Ko97] -82 or jDL98| -3.2A). That is, locally Y is the normalization of 
the sub variety of Y x A 1 given by y d = s, where s defines R. For any 
locally closed subset W C Y let W = p~\W). 

The generator l(mod d) of G = Z/d gives a canonical isomor- 
phism of the complex character group G with /x^, the group of the 
d-th roots of unity. Denote the inverse of this isomorphism by 7. For 
Z G Sclic, we deliberately abuse the notation and write Xc(Z, 0) in 
place of Xc{Z,^{e 2nia )). 

Definition 4.2. i DUIsT) S QjX = £ /cJd Xc ((£? H , a)(l - 

Let # : i^o(A^) -> i^o(MHS c ) be the Hodge realization. 

Theorem 4.3. ([DL98 -4-3.1) Let X be a nonsingular variety of di- 
mension m. Let D be an effective integral divisor on X and x G D a 
point. Then for any local equation f of D at x, 

+ HSp = J2 HSp(H(S a , x ), ld)t a 

aeQn[o,i) 

For p G Z, let gr^ : i\" (MHSc) — > Z be the map such that to a 
complex mixed Hodge structure H assigns gr p F (H) = dimGr^if, where 
F' is the Hodge filtration. 

Corollary 4.4. For a G Q Pi (0, 1] the multiplicity of a in the Hodge 
spectrum Sp(f) of f is n a {f) = (-l)™" 1 g^ 1 H {S^ a>x ) . 

Proof. By definition, n a (f) is the multiplicity in HSp'(J) of m — a. 
From Theorem 14. <\\ and the definition of HSp'(/), the multiplicity of 
m — a in HSp'(/) is equal to (— l) m_1 gr™ _1 if (Si- atX ), where gr^, is the 
Euler characteristic described above. □ □ 

In working with S ajX we will use the following result: 

Proposition 4.5. flgflS7| -§;g, |DL98j 2. 3. ) Let I C J d and let W = 

El 

(1) The Z/d-action gives an eigensheaf decomposition 

0<j<d ' 
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and the Z/d-action on each term is given by multiplication by 

e 2nij/d ^ 

(2) Above W D E J \ Jd , the Zj 'd- action factors through a Z/d' -action 
for some d' < d. 

(3) W is locally for the Zariski topology quotient of a nonsingular 
variety by a finite abelian group. 

5. From Hodge Spectrum to Inner Jumping Numbers 

In this section we prove the Theorem from the introduction, up to a 
few facts about quotient singularities which we leave for the next sec- 
tion. Remark that the Corollary from the introduction follows directly 
from the Theorem and Propositions 12.81 and 12.91 

The following Mayer- Vietoris type of result can be proven by 
ful local computation. 

Lemma 5.1. Let X be a nonsingular variety of dimension m. Let 
E = Yliei Ei be a reduced divisor on X with simple normal crossings. 
For L C /, denote by Ei the intersection n^Ei. Then there exists an 
exact complex of coherent sheaves 

(joji) o^o £ -.00 Bl ^...^00 £j ^... 

Ld Ld 
\L\=1 \L\=p 

Lemma 5.2. With notation as above, assume that Ei have proper sup- 
port. Then, for a locally free sheaf J 7 on X , xij^E®^) = J2$^lci X^El® 
J 7 ), where uj. are dualizing sheaves and \ is the sheaf Euler character- 
istic. 

Proof. Tensor the exact complex (|5.1U ) over Ox with the dual T y of 
T . Then, by additivity of the Euler characteristic, 

x{ o E ®^)= {-i)\ L \-\{o Eh ®^). 

The claim follows by Grothendieck-Serre duality. □ □ 

Proof of Theorem. Both n a (f) and n a ^ x (D) do not change if X is 
replaced by an open neighborhood U of x. Hence, we can assume that 
/ is a regular function on X and D = div(/). Let \i : Y — > X be 
a common resolution of the point x and of the divisor D. That is, 
H^vcix ■ Oy = Oy(—H) for some effective divisor H on Y, where 
is ideal sheaf of x in X, and Ex(fi) + H + div(/ o ji) is a divisor with 
simple normal crossings. Let fi*D = Y^i^iEi. Let J = { i \ rrii ^ 0}. 

Let a be a rational number in [0, 1). Write a = r/d, with r and d 
nonnegative coprime integers. Let J d = { i E J \ d\rrii}, and J^ x = 
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{ i G J d | (J>{Ei) = x}. For I C J, let £j = r\ ie iEi, and £ 7 = U; e /£;. 
Let £ = Y and £ = 0. Denote by E° the complement E x - E J \ ! . 
Recall that by the previous section we have a degree-d cyclic cover 
p : Y — ► Y, and for any locally closed subset W C F we defined 
as the inverse image of W under p. Having fixed a G [0, 1) a 
rational number, recall the definition of S a , x G Kq(A4) from 14.21 Let 
M = {I C Jd | I n Jrf jX 7^ 0}. Firstly, at motivic level, we have 

5 a> , = ^;Xc(^,a)(l-L)l J l- 1 = *, 

because is a divisor whose components have nonzero multiplicity 

in //*!>. Bv Theorem tO (2). 

★ = J] [Xc(£j, a) - Xc((^/ n , «)](! " L) |/hl - 

/GA/ 

By Theorem IQt (3). applied to xd{Ei n E J \ Is f,a), 

*=EE (-l) |L| Xc(^UL, «)(1 - L) |J|_1 . 
/GA/ LcJ\/ 

If L G: then -E/ul is included in Ej H E J \ Jd , and by Proposition 
14.51 the Z/d-action on -E/ul factors through a Z/ef-action with c?' < d. 
Hence, by Theorem 14. 11 - ( 4). Xc(E IuL , a) = 0. Therefore 

*=EE (-l) W Xc(E IuL ,a)(l-L)^\ 

I&M LcJ d \I 

For an integer p, let gr^, : K (MHSc) — > Z be the map that sends a 
complex mixed Hodge structure H to dime Gr p F H G Z, where F' is 
the Hodge filtration. For H G -Ko(MHSc) an d an integer n, one has 
gr^(if ■ C(n)) = gr^ n (/f). Let gr™- 1 F(^) = **. Then 

**=E E E(-i) |L| " H ( |/| i " 1 )grr 1 - < ^(xc(^iUL,a). 

ieM LcJ d \i i=o ^ ' 

By Proposition 14.51 the varieties Ej u l are locally for the Zariski topol- 
ogy quotients of nonsingular varieties by finite abelian groups. Since 
FnJd, x 7^ 0j they are finite over closed subvarieties of and there- 

fore projective. Thus, by Proposition 16 .41 - ( 1 ) . gYp~ 1 ~ l H(xc(E IuL , a)) = 
Oifm — 1 — i > dim Eiul- Since the divisors Ei are in normal cross- 
ing, the dimension of Ej u l is m — \I\ — \L\. Hence in the summa- 
tion above it suffices to take % = \I\ — 1 and L — 0, i.e. ** = 
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E /eM (- 1 ) |/h Vr |I| ^(Xc(^/,a)). By Proposition El(2), 

**=^(-l)l / l- 1 X)(-l) i dinifl 4 (S J ,O fil ) 1 _ tt) 

ieM i 

where H*(Ej, Og )i-« is the part of the cohomology of (D^ on which 
the canonical generator 1 (mod d) of G = Z/d acts by multiplication 
with e 2m ( l ~ a ) . Since the covering p : Ej — > Ej is a finite morphism, 
we can replace 0jj by p*0^ i in By Proposition 14.51 the eigensheaf 
decomposition of p*0^ gives 

** = ® O y ( L (l - 

JeM 

where x stands for the sheaf Euler characteristic. The varieties Ej are 
projective and nonsingular by assumption. Let uje i be the canonical- 
dualizing sheaf. By duality, 

** = (_i)— 1 J2 X {u El ® CV(-l(1 - <*)//*£>_.)) 
JeAf 

= ( _ 1)m -i ^ btK®Oy(-L(l-aKiJj)) + 

Q>¥=KCJ d \J d , x 

Let G = E Jd \ Jd ' x . By Lemma 15.21 applied for each nonempty index set 
L C Jd, x to the nonsingular projective varieties E L and the reduced 
divisors G (1 E L , 

**=(-l)"*- 1 £ [xK L ®O y (- L (l-a)/i* J D J )) + 

+X (^GnE L ® Oy(-L(l - j))] , 

where cugdEl * s the dualizing sheaf of GnE^. By adjunction for GnE L 
in Ex, 

^ r=( _ 1 )m-i £ x ( WEL ®O y (- L (l- a yZ} J + G)). 
Let F = E Jd ^. By Lemma EH 

** = (-l)" 1 - 1 ^^ ® Oy(-L(l - J + G)). 

By adjunction for FcF, ojf ~ (g> Oy{Ky + -F) and therefore 
= (-l) Tn - 1 x(C?F ® 0y(^y/x - l(1 - e)(l - a)//^)), 
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for small e > 0. We conclude by Proposition ^. Hl that. for a G Qfl [0, 1), 
gx™- l H{S a>x ) = {-l) m - l m- aiX {D). In other words, for a G Q n (0, 1], 
gv^~ x H{Si- a , x ) = (-l) m - l n a , x \D). By Corollary Ql we obtained for 
a G Q n [0, lj that n a (f) = n a>x {D). 

6. Quotient Singularities 

In this section we prove the remaining facts needed in the proof of the 
Theorem. These facts are conclusions we draw from the Hodge theory 
of varieties with at most quotient singularities. We say that a variety 
X has only quotient singularities if X is locally for the Zariski topology 
quotient of a nonsingular variety Y by a finite group of automorphisms 
ofY. 

Theorem 6.1. (E. Viehweg) Let X be a variety. Suppose X has only 
quotient singularities. Then X has rational singularities, that is, for 
every resolution f : Y — > X , we have f*Oy = Ox and R l f*Oy = for 
i > 0. 

Let X be a variety and G a finite group acting on X by auto- 
morphisms. Let JF be a sheaf of 0x- m odules. We say that G acts 
on T , or that T is a G -sheaf, if for every g G G there exists a 
lifting A^ : T — > g*T of O x — > g*O x , such that Af = idjr and 
\ft g = g*(\h) ° A^ 7 . C7 acts naturally on any locally free Ox-module. A 
morphism of G-sheaves 9 : T — > Q is said to be G-equivariant if it com- 
mutes with the G-action, that is, g*8o\^ = Xg°0. The G-sheaves with 
their G-equivariant morphisms form a category which we denote by 
Mod(X, G). If / : Y — > X is a G-equivariant morphism, then the usual 
direct image functor gives a functor /* : Mod(Y, G) — > Mod(X, G). 

Let X be a variety with only quotient singularities and G a finite 
group acting on X by automorphisms. Let U be the open subvariety 
consisting of the regular points of X, and denote by j : U —> X the 
inclusion. Let / : Y — > X be a G-equivariant resolution of X. Assume 
that / gives an isomorphism of f~ l {U) with [/. Denote by Uy and a;?/ 
the canonical invertible sheaves of Y and, respectively, U. 

Theorem 6.2. ( |St77j -1.1 1) There is a G-equivariant isomorphism of 
G- sheaves f*u)y — > j*uju- 

For a variety X, let D mt (X) denote the derived category of filtered 
complexes of C?x- m odules with differentials being differential operators 
of order < 1 ( |DB81j -l.l). Let D b mt coh (X) be the full subcategory of 

D&\t(X) of filtered complexes (K',F) such that, for all i, Gr l F K' is an 
object of D b coh (X), the derived category of bounded complexes of Ox- 
modules with coherent cohomology QDB8L-1.4). For an integer p and a 
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complex K\ let K[p]' denote the complex such that K[p] q = K p+q . For 
our purpose, the Hodge filtration on the cohomology of the variety X 
is best understood via the Du Bois complex Q'x constructed in [E)B81J. 
The following are the basic properties of the Du Bois complex we need. 

Theorem 6.3. ( \DBX1\ -3.21. 4.5, 4.12, 5.3, 5.9; \(MEE\-V.3.5, V.4.I). 

For every variety X there exists a filtered complex (fi'x> F) in D^ lt coh (X) , 
canonical up to isomorphism, with the following properties. 

(1) If f : Y — > X is a morphism of varieties, there exists in Dj%t(X) 
a natural morphism f* : (Q'x,F) — > Rf*(Q'Y,F), where Rf* is 
the right derived functor of the filtered direct image functor /* . 

(2) The complex Q'x is a resolution of the constant sheaf C on X . 
If X is nonsingular then Q'x is the usual De Rham complex of 
Kdhler differentials with the "filtration bete". 

(3) IfX is proper, W +q (X, Gf^Q'x) ^ Gr^HP+^X, C). 

(4) The complex Gr^Q'x is zero forp > dimX. 

(5) IfX has only quotient singularities, let U be the open subvariety 
of regular points of X and j : U — > X the inclusion. Then j* 
induces in Djn t (X) an isomorphism (Q'x,F) j*(Q'u, F). 

(6) If a finite group G acts on a variety X, then (Q'x,F) can be 
considered as an object in the G-equivariant derived category 
Dfnt(X,G) ([DB81 -5.4). In particular, Q' x is a complex of 
G-sheaves, the differential and the filtration commute with the 
G-action. If f : Y — >• X is a G-equivariant morphism, then 
f* : {Q'x,F) — > Rf*(Q'Y,F) can be taken as a morphism in 
D m {X,G). ' 

For a finite abelian group G, let G be the group of complex characters 
of G. If if is a C- vector space on which G acts and a G G is a complex 
character of G, let H a = { h e H \ gh = a(g)h, for all g G G }. For 
X G Sch G and a G G, let Xc(X,a) be the element in K (A4) from 
Theorem IO Let H : K (M) -> K (MRS C ) be the Hodge realization. 
For an integer p, let gr^, : _K" (MHSc) — ► Z be the map that sends 
H G MHSc to dime Gr p F H, where F' is the Hodge filtration. 

Proposition 6.4. Let X G Schc be a projective variety of dimension 
n. For all a G G, the following holds: 

(1) gr v F H( X c(X,a)) = 0, ifp>n. 

(2) //, in addition, X has only quotient singularities, gfpH \Xc{X , a)) = 

Proof. Let H*(X) = H*(X,C). The compatibility of Xc with the 
Hodge realization gives H( Xc (X, a)) = EiezC-^W*)*] mir (MHS c ). 
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Hence, gr p F H( Xc {X, a)) = Eiezi^Y dim c G^(^ ai where F is the 
Hodge filtration. By Theorem 16. 31 - (3) and (6), we have a G-equivariant 
isomorphism Gr^iiP(X) ~ H*(X, Gr^fi_'x), where fix is the filtered 
complex of Du Bois. By Theorem 16 . 31 - ( 4) . if p > n then Gr p F Q'x = 0, 
hence the hypercohomology groups are also zero. Thus Gi F H t (X) is 
zero, and in particular the subspace Gr F H l (X) a is zero. This proves 

(!)• 

Suppose now that X has only quotient singularities. Let U be the 
open subvariety of X of regular points and j : U — > X the inclu- 
sion. By Theorem 16.31 - (4) . (5) . (6) . there is a natural quasi-isomorphism, 
compatible with the G-action, of Gr F Q' x [n\ and the complex with 
j*ujjj concentrated in degree zero, where ujj is the canonical invert- 
ible sheaf of U. Therefore, for any integer i, we have a natural G- 
equivariant isomorphism H*(X, Gr^f2 'x[n}) ~ H % (X,j*uu). This gives 
a G-isomorphism Gr^H^X) ~ H^X, j t u v ). Let / : Y -> X be a G- 
equivariant resolution of X. By Theorem 16 .2\ there is a G-equivariant 
isomorphism Gt f H 1 (X) ~ H l ~ n (X, f*ou Y ), where ujy is the canonical 
invertible sheaf of Y . By the Grauert-Riemenschneider vanishing the- 
orem, R % f*u)Y = for i > and so, by the Leray spectral sequence, 
H l ~ n (X, f*u Y ) = H % ~ n (Y, uj y ). Let B denote the Serre duality pairing 

H l - n {Y,u Y ) x H 2n ~ l {Y,0 Y ) — > H n (Y,u Y ) = C. 

Since Y is nonsingular and projective, one knows that gB(., .) = B(g.,g.), 
for all g 6 G, and the action on H n (Y, uoy) is trivial. If a G G is a com- 
plex character of G, then dim c Gr F H i (X) a = dim c H^-^Y, O y ) a -i. 
By Theorem EU /*£>y = Ox and R}f*0 Y = 0, for % > 0. Hence, there 
is a G-equivariant isomorphism of H 2n ~ l (Y, Oy) and H 2n ~ l (X,Ox)- 
Therefore, gT F H( Xc (X,a)) = £ i6Z (-l)Mim c # 2n - l '(X, O x ) a -x which 
is equivalent with (2). □ □ 
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